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This paper develops an account of some familiar modal truths, 

inspired by the ideas presented in Claro R. Ceniza’s 1985 paper, “The 

real meaning of modal terms.” Compared to the standard account, the 

proposed account is not based on the metaphysically problematic notion 

of possible worlds, but on arguably more neutral notions of self-

compossibility and ontological necessity. One upshot of the proposed 

account is that it delivers the same modal truths as the standard account, 

without resorting to possible worlds. 
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INTRODUCTION 

 

The possible worlds account of modal terms has been the standard approach 

since Saul Kripke introduced it in 1959. According to this account, a necessity claim 

such as “Necessarily, 2 + 2 = 4” is true just in case “2 + 2 = 4” is true in all possible 

worlds. While a possibility claim like “Possibly, pigs fly” is true just in case “Pigs fly” 

is true in at least one possible world. 

Consequently, the standard account explains modal truths as truths in possible 

worlds. For instance, the uncontroversial modal truth, “Whatever is necessary is the 

case,” is proved by showing that since a necessary truth in a given world is true in all 

possible worlds, it must also be true in that given world. On the other hand, its dual, 

the modal truth, “Whatever is the case is possible,” is proved by showing that since 

our actual world is a possible world, all truths in it are true in a possible world. 

Despite its theoretical advantages, however, the standard account is not immune 

to philosophical criticism. In particular, some theorists have raised concerns about the 

metaphysical status of these possible worlds. Are these worlds as real and concrete as 

our world? Do they contain people, trees, MacBooks, and other things found in the 

actual world? Modal realists, like David Lewis (1986), say yes. On the other hand, 

actualists, like David Armstrong (1989), say no.  

It is within this general philosophical background that the Filipino philosopher 

Claro R. Ceniza (1985) proposed his “new definitions for possibility, impossibility, 

necessity, and contingency,” contra the standard possible worlds account. According 

to Ceniza, possible worlds are metaphysically inadequate in accounting for modal 

terms since they are only “weakly existent.” “They are logical possibilities, nothing 
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more” (Ceniza, 1980, 12). For him, because a more metaphysically robust account of 

modality is required, these modal terms must be grounded in more “strongly existent,” 

causally efficacious things. These are self-compossible entities that a given modal 

claim is about. 

In this paper, I formulate Ceniza’s “new definitions” into an ontological 

metalanguage whose key notions, “ontological necessity” and “self- compossibility,” 

are arguably more metaphysically neutral than possible worlds. I show that the 

resulting Cenizan system delivers the same modal truths (viz., the axioms and 

theorems of the familiar modal systems) as the standard possible worlds account does.1 

The discussion proceeds as follows. §1 discusses the target modal truths, stated 

in the language of modal propositional logic. §2 shows how a Ceniza-inspired 

metalanguage accounts for these truths. §3 addresses some concerns that may arise 

with the proposed account. 

 
§1 THE TARGET MODAL TRUTHS 

 

The formal language in which the target modal truths are stated is the language 

of modal propositional calculus (MPC). MPC has a set of sentential variables: {A, B, 

C, ...}, logical connectives for negation, conjunction, disjunction, conditional, and 

biconditional: ¬, ∧, ∨, ⊃ ≡, respectively, and modal operators for necessity and 

possibility: □, ◊, respectively. Grouping symbols (, ) are sometimes employed to 

improve clarity and minimize ambiguity. 

MPC’s grammatical rules are the standard rules for well-formed formulas (wff): 

(i) Each sentential variable is a wff. (ii) If A and B are wffs, then so are ¬A, (A ∧ B), (A 

∨ B), (A ⊃ B), (A ≡ B), □A, and ◊A. (iii) No other wff is constructible without the use 

of (i) and (ii). This means that while ¬◊ (¬□◊A ⊃ ◊□¬B) is a wff in MPC, ¬ ∧ (□A¬ 

≡⊃ ◊¬B) is not. 

In MPC, modal operators are interdefinable. □A is definable as ¬◊¬A, while ◊A 

as ¬□¬A. We can also define other modal terms using □ and ◊. For example, “A is 

impossible” can be formulated as “¬◊A” or “□¬A,” while “A is contingent” as “◊A ∧ 

¬□A.”  

Given the machinery of MPC, we can now formulate our target modal truths.2 

These truths are the characteristic axioms of “normal” modal systems that bear their 

names.3 The first is system K’s characteristic axiom: □(A ⊃ B) ⊃ (□A ⊃ □B). The K 

axiom tells us that necessities distribute over conditionals. If A necessarily implies B, 

then if A is necessary, then so is B.  

K is the baseline normal modal system. As a result, it is the “weakest” of the 

modal systems we will consider here. All the other systems have the K axiom as a 

basic axiom or a derived truth. Alternatively, K is weaker than all the other normal 

systems since these latter systems are proper extensions of K (Hughes and Cresswell, 

1996, 43).  

The second target modal truth is system D’s characteristic axiom: □A ⊃ ◊A, 

which says, “Whatever is necessary is possible.” D is so named because it aims to 

capture the deontic principle that whatever must be done may be done. Or, whatever 

we are obligated to do, we are permitted to do. As a modal system, D is stronger than 
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K in the sense that some D-truths are not truths (or derivable) in K, but all K-truths are 

truths (or derivable) in D. For instance, the K axiom is a truth in D, but the D axiom is 

not derivable in K. 

The third target modal truth is system T’s characteristic axiom: □A ⊃ A, which 

says “Whatever is necessary is the case.” The T axiom is sometimes called the Axiom 

of Necessity (Hughes and Cresswell, 1996, 42). It is supposed to capture the notion of 

metaphysical and nomological necessity (Priest, 2008, 47). The idea is that if A is a 

necessary feature of the world, then A is a real feature of the world.  

As a modal system, T is stronger than K and D in that all K- and D-truths are 

provable in T but not vice versa. For instance, the T axiom is not derivable in K or D, 

but the K and D axioms are provable in T. 

One modal truth derivable in T (but not in K or D) is the M axiom of G. H. von 

Wright (1951a). The M axiom is stated formally as A ⊃ ◊A. Informally, it means that 

whatever is the case is possible.4 If the T axiom is the Axiom of Necessity, the M 

axiom is the Axiom of Possibility. 

The last three target modal truths concern iterated modalities, i.e., modal truths 

that  “contain consecutive sequences of modal operators” (Hughes and Cresswell, 

1996, 51). They are system B’s axiom: A ⊃ □◊A (Whatever is the case is necessarily 

possible), S4’s axiom: □A ⊃ □□A (Whatever is necessary is necessarily necessary), 

and S5’s axiom: ◊A ⊃ □◊A (Whatever is possible is necessarily possible). 

B is named after L. E. J. Brouwer, a Dutch mathematical philosopher and the 

founder of the intuitionist school of mathematics. B’s characteristic axiom (A ⊃ □◊A) 

aims to capture, rather tenuously, one of intuitionism’s key features, viz., the failure of 

one direction of the double negation rule. That is, the failure of the entailment from 

¬¬A to A (Hughes and Cresswell, 1996, 70). For (mathematical) intuitionists, such an 

entailment fails because one cannot prove A from the absence of a proof of ¬A. For 

instance, one cannot argue that the Riemann hypothesis is true just because there is no 

proof that it is not true.  

As to its logical strength, B is stronger than T, D, and K because not all B-truths 

are provable in those systems, but all their truths are derivable in B. For example, the 

B axiom is not a truth in these systems, but the T, D, and K axioms are truths in B. 

S4 and S5 are among the original modal systems proposed by C. I. Lewis 

(1932). These systems aim to capture the notion of strict implication: □(A ⊃ B).5 S4’s 

characteristic axiom, □A ⊃ □□A, has also been used to capture the so-called KK 

principle in epistemology, a principle about self-knowledge (Hintikka, 1962). 

Supposing that □A represents “S knows that A” (for some subject S), then the KK 

principle states that if S truly knows that A, then S knows that S knows that A. 

Moreover, one of S4’s theorems, viz., ◊◊A ⊃ ◊A, was used to capture the so-called 

“absolute conception of possibility,” viz., “Whatever is possibly possible is possible 

(Yagisawa, 2017).  

As a modal system, S4 is stronger than T, D, and K, yet is independent of B. All 

T-, D-, and K-truths are S4-truths. However, not all S4-truths (e.g., the S4 axiom itself) 

are derivable in T, D, and K. As to its independence of B, neither □A ⊃ □□A nor ◊◊A 

⊃ ◊A is derivable in B, nor is the B axiom a theorem of S4. So, while S4 and B are 

both stronger than T, D, and K, they are independent modal systems. 
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S5 is the strongest of all the normal modal systems. All the other systems’ modal 

truths are S5-truths (but not vice versa). S5, with its characteristic axiom, ◊A ⊃ □◊A, 

aims to capture the idea of logical necessity (Priest, 2008, 46). The thought here is that 

if logical necessity is defined in terms of analyticity (i.e., A is logically necessary if and 

only if (iff)  A’s truth is determined solely by the meanings of the words it contains), 

then if A is analytic, A is certainly true (T axiom), and so must the truth of “A is 

analytic” be determined solely by the meaning of the words in A (S4 axiom). Now, if 

A is just true, then its negation (i.e., ¬A) is not analytically true (i.e., ◊A), and this is so 

simply in virtue of the meanings of the words involved in A (B axiom). 

 
§2 CENIZA’S “NEW DEFINITIONS” 

 

Given the foregoing, our target modal truths, i.e., the truths we need to account 

for, are the following: 

 

• K: □(A ⊃ B) ⊃ (□A ⊃ □B) 

• D: □A ⊃ ◊A 

• T: □A ⊃ A 

• M: A ⊃ ◊A 

• B: A ⊃ □◊A 

• S4: □A ⊃ □□A 

• S4: ◊◊A ⊃ ◊A 

• S5: ◊A ⊃ □◊A 

 

In this section, I account for these modal truths using a Ceniza-inspired 

ontological metalanguage. I do this in three steps. First, I construct and motivate the 

metalanguage using the tools of standard first-order logic and add to it Ceniza’s key 

notions of “ontological necessity” and “self-compossibility.” Next, I define MPC’s □ 

and ◊ (i.e., the modal terms that are now in the object language) in terms of this 

metalanguage. Finally, I account for the target modal truths given these definitions. 

 

A Cenizan Metalanguage 

 

The Cenizan metalanguage is a first-order language that consists of x, y, z,… for 

variables, ∀ and ∃ for the universal and existential quantifiers, respectively, p, q, r,… 

for entities, Nx for the unary predicate “ontological necessity,” and Cxy for the 

“compossibility” relation. Being couched in terms of a first-order logic, the usual rules 

governing the logical connectives and quantifiers apply. 

The Cenizan metalanguage is ontological in the sense that it models the being-

so (or existence) of entities, broadly construed. The entities we are talking about in the 

metalanguage refer to particulars (or objects), universals (or properties), and facts (or 

states of affairs). As an ontological language, we take Np to mean that an entity p is 

ontologically necessary. That is, p’s being-so is a necessary existence: p cannot but 

exist. On the other hand, we take ¬Np to mean that p is not ontologically necessary. 

That is, p’s being-so is not necessary: it is not necessary that p exists. 
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Given this, let us define ontological dependence and non-dependence as 

follows. Some entity q’s being-so ontologically depends on some other entity p’s 

being-so iff p’s being-so necessarily implies q’s being-so. That is, N(p ⊃ q). What this 

means is rather straightforward. If q’s existence necessarily depends on the existence 

of p, then without p, q would not exist. For example, a child’s existence necessarily 

depends on the existence of his or her parents, since without them, the child would not 

have existed. 

On the other hand, q’s being-so does not ontologically depend on p’s being-so 

iff p’s being-so does not necessarily imply q’s being-so. Formally, ¬N(p ⊃ q). Thus, 

even if p did not exist, q would still exist. For instance, my MacBook’s existence does 

not necessarily depend on my existence, since my MacBook would still have existed 

even if I did not exist. 

For a complete elucidation, let us further characterize two more ontological 

dependencies and non-dependencies. N(p ⊃ ¬q) means that p’s being-so necessarily 

implies q’s not being-so. That is, p’s existence necessarily leads to q’s non-existence. 

In contrast, ¬N(p ⊃ ¬q) means that p’s being-so does not necessarily imply q’s not 

being-so. This implies that q’s non-existence does not ontologically depend on p’s 

existence. 

Given the concept of ontological (non) dependence, let us now define the 

notions of incompossibility and compossibility. Two entities, p and q, are 

incompossible iff p’s being-so necessarily implies q’s not being-so. That is, ¬Cpq iff 

N(p ⊃ ¬q). For example, if this table is made entirely of wood, it necessarily follows 

that it is not made entirely of steel. As such, it cannot be the case that the table is made 

entirely of wood and entirely of steel. This means that being entirely wooden and being 

made entirely of steel are incompossible for this table. 

On the other hand, p and q are compossible iff p’s being-so does not necessarily 

imply q’s non-being-so. More formally, Cpq iff ¬N(p ⊃ ¬q). For instance, if this table 

is made of wood and steel, then being wooden and being made of steel are compossible 

for this table. As such, not only is it possible for this table to be made of wood and 

steel, it is actually so. 

The idea of (in)compossibility also applies to the same entity being compossible 

or incompossible with itself. (And, as shall be discussed shortly, these two further 

notions will be integral in this Cenizan system.) An entity p is self-compossible (i.e., 

Cpp) iff p’s not being-so does not ontologically depend on p’s being-so. That is, p’s 

not being-so is not ontologically necessary. More formally, ¬N(p ⊃ ¬p) (or more 

simply, ¬N¬p). This implies that self-compossible entities are ontologically possible 

existents. While they can (or actually) exist, it is not necessary that they exist. For 

example, being a wooden table is self-compossible because while it can (or does) exist, 

its being not a wooden table does not ontologically depend on its being so. 

On the other hand, p is not self-compossible (i.e., ¬Cpp) iff p’s not-being-so 

ontologically depends on p’s being-so. More simply, p’s not-being-so is ontologically 

necessary. More formally, N(p ⊃ ¬p) (or more simply, N ¬p). This implies that self-

incompossible entities are impossible things. They cannot (actually) exist. For 

instance, being a married bachelor is not self-compossible because by definition, 

bachelors are unmarried males. So, being a married bachelor is self-contradictory. 
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Cenizan Definitions of Modal Terms 

 

Given the basics of the Cenizan metalanguage, let us now define the modal terms 

(in the object language) with respect to it. Before doing this, however, let us first 

characterize two bridging principles that relate (in)compossibility with truth (and falsity). 

The first bridging principle implies that if an entity p is self-compossible (i.e., 

self-consistent), then some sentence about it, say A, is true. More precisely, Cpp 

implies that there is some sentence A such that A is about p and A is true. This bridging 

principle entails that self-compossible entities can be part of a true sentence. For 

instance, since being a wooden table is self-compossible, it follows that a sentence 

about it, e.g., “This table is wooden,” is true. 

If the first bridging principle relates self-compossibility with truth, the second 

bridging principle relates self-incompossibility with falsity. It implies that if p is 

incompossible with itself, then any sentence about it, say A, is false. To be precise, 

¬Cpp implies that for any sentence A, if A is about p, then A is false (or that ¬A is true).6  

The second bridging principle entails that self-incompossible entities cannot be 

part of a true sentence. That is, any sentence containing them is false. For instance, 

since a table entirely made of wood and entirely made of steel is self-incompossible, it 

follows that any sentence about such a table is false. Alternatively, no sentence about 

it can be true. This is so, notwithstanding those philosophers who believe that some 

impossibilia exist.7  

Given these two bridging principles, let us now define the modal terms of 

possibility and impossibility. Some sentence A is possible iff A is about some self-

compossible entity, p. More formally, ◊A iff A : p ∧ Cpp. This means that only 

sentences about self-compossible (i.e., self-consistent) entities can be true. For 

example, being a wooden table is self-compossible because the claim that there is such 

a table is true. On the other hand, some sentence A is impossible iff A is about some 

self-incompossible entity, p. More formally, ¬◊A iff A : p ∧ ¬Cpp. This means that any 

sentence about self-incompossible (i.e., self-contradictory) entities cannot be true. For 

example, it is simply false to claim that there are married bachelors.  

The definitions of possibility and impossibility rely on a critical metaphysical 

thesis that truth requires self-compossibility. No sentence about self-incompossible 

entities can be true, since, being self-incompossible, such entities do not exist. Thus, 

any sentence about such entities is false. On the other hand, since self-compossible 

entities may (actually) exist, it follows that some sentences about them can be true. 

Let us now define the modal terms of contingency and necessity. Some sentence 

A is contingent iff A is about a self-compossible entity, p, and p is incompossible with 

at least one other self-compossible entity, q. Formally, ◊A ∧ ¬□A iff (A : p ∧ Cpp) ∧ 

∃q(Cqq ∧ ¬Cpq). On the other hand, some sentence A is necessary iff A is about a self-

compossible entity, p, which is compossible with any other self-compossible entity, q. 

Formally, □A iff (A : p ∧ Cpp) ∧ ∀q(Cqq ⊃ Cpq). 

The definitions of contingency and necessity assume the existence of some other 

self-compossible entity, q, with which a given self-compossible entity, p, is or is not 

compossible. Suppose compossibility here means that two self-compossible entities, p 

and q, can coexist. This, then, means that A is contingent iff the self-compossible entity 
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that A is about cannot coexist with at least one other self-compossible entity. For 

example, it is contingent that this table is made entirely of wood because its being made 

entirely of wood cannot coexist with its being made entirely of steel. On the other hand, 

A is necessary iff the self-compossible entity that A is about can coexist with any other 

self-compossible entity. For instance, it is necessary that 2 + 2 = 4 because this 

mathematical truth can coexist with any other self-compossible thing. 

To summarize, the Cenizan definitions of the salient modal terms are as follows: 

 

• (Possibility) ◊A iff A : p ∧ Cpp 

• (Impossibility) ¬◊A iff A : p ∧ ¬Cpp 

• (Contingency) ◊A ∧ ¬□A iff (A : p ∧ Cpp) ∧ ∃q(Cqq ∧ ¬Cpq) 

• (Necessity) □A iff (A : p ∧ Cpp) ∧ ∀q(Cqq ⊃ Cpq) 

 

A Cenizan Account of Modal Truths 

 

Given the Cenizan definitions of the salient modal terms, let us now proceed to 

give an account of the target modal truths. Recall that Ceniza’s primary motivation is 

to come up with a metaphysically robust account of modalities, without resorting to 

“weakly existent” possible worlds. He does this by defining modal terms in terms of 

compossibility and ontological necessity. Let us now extend this to account for the 

target modal truths formulated at the beginning of this section. To illustrate how this 

works, let us examine how the D axiom and the T axiom can be proved using the 

Cenizan definitions. Let us do this in turn. 

First, let us show that the D axiom (□A ⊃ ◊A) is true using the reductio ad 

absurdum proof method. Let us first suppose that the D axiom is false and see if a 

contradiction (of the form A ∧ ¬A) can be derived from this supposition. If such a 

contradiction can be derived, then the truth of the D axiom is proved. Let us proceed 

as follows.  

Suppose □A ⊃ ◊A is false. From this, we can derive □A and ¬◊A. Now, let us 

apply the Cenizan definitions for necessity and impossibility to these two derivations. 

Thus, □A will be defined as (A : p ∧ Cpp) ∧ ∀q(Cqq ⊃ Cpq), while ¬◊A as A : p ∧ 

¬Cpp. From the latter, we can immediately derive ¬Cpp, while from the former, we 

can derive Cpp. Since we are led to a contradiction (because ¬Cpp ∧ Cpp is a 

contradiction), we have shown that the D axiom is true.  

Let us now show that T axiom (□A ⊃ A) is true. As we have done in the proof 

of the D axiom, let us employ the reductio proof method to show this. Suppose □A ⊃ 

A is false. From this, we can derive □A and ¬A. Given the Cenizan definition for 

necessity, we can replace □A with (A : p ∧ Cpp) ∧ ∀q(Cqq ⊃ Cpq). From this, we can 

derive (A : p ∧ Cpp). Since this latter derivation implies A, we get a contradiction 

(because ¬A ∧ A is a contradiction). As such, we have shown that the T axiom is true. 

 
§3 REPLIES TO POSSIBLE OBJECTIONS 

 

The upshot of the proposed Cenizan account is clear. Using its definitions of the 

modal terms, we can have an account of the target modal truths (i.e., the familiar 
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formulas of different normal modal systems) without recourse to possible worlds. 

However, while this upshot is well and good, some concerns may still be raised 

regarding the proposed account. In this section, I address two technical issues 

regarding the proposed account’s logical machinery and three philosophical worries 

about its underlying metaphysics.   

 

Two Technical Issues 

 

One technical issue with the proposed Cenizan account is that it appears to fail 

to account for iterated modalities. As discussed in §3, the proposed account seems to 

treat modal terms as simple predicates of sentences. Thus, it has the resources to 

account for non-iterated modalities, such as ◊A and □¬B. Consequently, it does well 

in proving some modal truths in systems K, D, and T. However, since the proposed 

account seems to lack sufficient resources to handle iterated modalities, it cannot 

account for modal truths involving them, such as those expressed by the B, S4, and S5 

axioms, and even a T-truth like □□A ⊃ □A.8 

A possible response to this technical issue is to incorporate the familiar S5 

reduction laws into the proposed Cenizan account.9 These laws “reduce” the number of 

iterated modalities in a given formula to a single one (Hughes and Cresswell, 1996, 52):  

 

• □□A iff □A 

• ◊◊A iff ◊A 

• □◊A iff ◊A 

• ◊□A iff □A 

 

Given these laws, the iterated modalities contained in the B, S4, and S5 axioms 

will be reduced to: 

 

• B(R): A ⊃ ◊A 

• 4(R): □A ⊃ □A10 

• 5(R): ◊A ⊃ ◊A 

 

As such, they can now be accounted for by the Cenizan proposal.  

For instance, we can show that B(R) is true.11 Using reductio, let us suppose that 

A ⊃ ◊A is false. From this, we can derive A and ¬◊A. Now, using the Cenizan 

definitions, we may substitute Cpp for A (since if A is true, it means that it is about a 

self-compossible entity p), and A : p ∧ ¬Cpp for ¬◊A (since this is the Cenizan 

definition for impossibility). From the latter, we can immediately derive ¬Cpp. Now, 

we arrived at a contradiction (since ¬Cpp ∧ Cpp is a contradiction). Thus, we have 

shown that B(R) is true. 

Perhaps one may object (as a referee of this journal did) that incorporating the 

S5 reduction laws into the proposed Cenizan account begs the question. It already 

assumes that B and S4 properly extend to S5, and, as such, it discounts the uniqueness 

of these two systems. 

In reply, I have to reiterate that S5 is in fact a proper extension of B and S4. All 
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B-truths and S4-truths are S5-truths (but not vice versa). Since the proposed Cenizan 

account aims only to handle all the target modal truths without recourse to possible 

worlds, I do not see any problem with incorporating the resources of S5, the strongest 

modal system, into it, so long as the existence of possible worlds is not presupposed.  

However, the worry here seems subtler than this. It has more to do with how the 

proposed Cenizan account can distinguish between modal systems than with how to 

account for the target modal truths. The standard possible worlds account has a way of 

doing this in terms of a “frame,” the defined accessibility relation among possible 

worlds (Hughes and Cresswell, 1996, ch. 10). Using the standard account, system T is 

characterized by a set of reflexive frames, S4 by a set of reflexive and transitive frames, 

B by a set of reflexive and symmetric frames, and S5 by a set of a set of reflexive, 

symmetric, and transitive frames. The question now is whether the Cenizan proposal 

is flexible enough to have a general account of all these normal modal systems. 

Sadly, the answer to this question seems negative. As discussed in §3, in contrast 

to the possible worlds account, the proposed Cenizan account hinges on the arguably 

metaphysically neutral notions of self-compossibility and ontological necessity. 

However, by having such a metaphysically neutral base, the proposed Cenizan account 

seems to sacrifice explanatory power.  

Without the S5 reduction laws, the Cenizan proposal yields a weak modal 

system like von Wright’s (1951b), which, by fiat, dismisses formulas with iterated 

modalities as not well-formed. With these reduction laws, it can have a satisfactory 

account of the salient modal truths, but it is not general enough to distinguish the 

systems from which these modal truths are derived. Perhaps this outcome is the cost 

of prioritizing metaphysical neutrality over any other theoretical virtue. Or perhaps it 

is all that a metaphysically neutral account of modal terms, such as the Cenizan 

proposal, can hope for. Whether this is an account’s feature or bug is an open question.  

A further technical concern regarding the Cenizan proposal is its capacity to 

provide soundness and completeness proofs for a given modal system.12 While it is 

clear that it employs proof rules, as demonstrated by the reductio method, it is unclear 

whether it has the semantic resources to specify the truth conditions for modal claims. 

Given this apparent lack of semantic resources, the Cenizan proposal seems ill-

equipped to provide soundness and completeness proofs for particular modal systems. 

After all, such (meta) proofs rely on some semantic resources. 

The standard possible worlds account can provide soundness and completeness 

proofs because it is, by its very nature, a semantics. It tells us that ◊A is true iff A is 

true in at least one (accessible) possible world, while □A is true iff A is true in all 

(accessible) possible worlds. Since the standard account has this semantic resource, it 

can naturally provide soundness and completeness proofs, as in Kripke (1959). The 

question now is whether the proposed Cenizan account has enough resources to 

provide such soundness and completeness proofs. 

A possible response to this question is to embed the Cenizan definitions of the 

modal terms into a given modal system itself. The core idea here is that by using these 

definitions as a set of “truth-preserving rules,” one can construct the required 

soundness and completeness proofs in this Cenizan-extended modal system.13  

For instance, a completeness proof might proceed as follows. Given that the 

Cenizan modal definitions are definitional rules of a given modal system, then any 
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modal truth M in this system can be defined using such rules. Suppose that M is the T 

axiom. Since the T axiom is provable using the Cenizan definitions and other first-

order logic proof rules (as shown in Cenizan Account of Modal Truths), it follows that 

the T axiom is provable within this Cenizan-extended system. Since the T axiom is 

just an arbitrary modal truth of a given system, it follows, via mathematical induction, 

that any modal truth of this system is provable within this Cenizan-extended system.  

Now, a soundness proof proceeds immediately from here. Suppose some modal 

sentence M, say the T axiom again, is provable within this Cenizan-extended system. 

Then, given that the Cenizan modal definitions are truth-preserving, M will be true in 

that system. 

These two proof sketches show that this Cenizan-extended modal system is 

sound (every provable modal sentence in this system is true) and complete (every 

modal truth in this system is provable). Note, however, that these two proof sketches 

only work because we have assumed that the embedded Cenizan definitions are truth-

preserving rules within a given modal system.14 Note as well that this embedding 

maneuver generalizes: it works in any normal modal system so long as the S5 

reduction laws are granted (as shown at the beginning of this subsection).  

   

Three Philosophical Issues 

 

For me, the more worrying issues with the proposed Cenizan account are 

philosophical rather than technical. One such philosophical worry is circularity. The 

ideas of compossibility and ontological necessity are doing some theoretical heavy 

lifting in the proposed account. However, such ideas seem to be modal in nature. 

Therefore, the proposed account appears to be circular. It accounts for modal terms in 

terms of inherently modal notions. Not all circular accounts are vicious, of course 

(Dummett, 1978). But the proposed Cenizan account seems to be so. 

A possible response to this is to re-emphasize that, notwithstanding the 

embedding maneuver done above, the proposed Cenizan account employs two types 

of modal language: one in the object language and the other in the metalanguage. For 

example, the idea of ontological necessity, N, is in the metalanguage, while the modal 

term of necessity, □, is in the object language. Since this is so, it means that N is not 

the same as □. Thus, defining □ (and ◊) in terms of N (and self-compossibility) need 

not involve a vicious circle. 

Another more serious philosophical concern that may be raised with the Cenizan 

proposal concerns the bridging principle linking self-compossibility to truth. Recall 

that the principle tells us that Cpp implies that some sentence A about p is true. 

However, this suggests that any sentence about self-compossible entities is (actually) 

true. If this is right, then this means that ◊A ⊃ A would come out true. But this cannot 

be right. While it is true that there can be flying pigs, this possibility does not imply 

that there are (actual) flying pigs. 

Ceniza (2001) has bitten the bullet here because he accepts the truth of ◊A ⊃ A. 

Given his preferred interpretation of Parmenides, he believed that whatever is possible 

actually exists. However, we do not want to follow Ceniza here since accepting ◊A ⊃ 

A leads to modal collapse, in which all modal sentences lose their modal nature. Modal 

collapse is a bad result if we want a non-trivial modal logic. If it is true that whatever 
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is possible actually exists, then there will be no non-trivial distinction between what 

can exist and what actually exists. There is no non-trivial way to say that, while 

“Possibly, there are flying pigs” is true, “There are flying pigs” is not. 

To address this philosophical concern, we need to demonstrate that the bridging 

principle (which relates self-compossibility to truth) does not entail modal collapse. 

That is, the bridging principle does not entail the truth of ◊A ⊃ A. We do this as follows. 

The bridging principle tells us that if we have a self-compossible entity, then some 

sentence about it is true. Let that sentence be A and let that entity be p. However, A is 

just an arbitrary sentence: it may even be the sentence “p is self-compossible” itself. 

Since no one can deny that this arbitrary sentence is true, it preserves the truth of the 

bridging principle. 

Now, let us show that even if the bridging principle holds, it does not lead to the 

truth of ◊A ⊃ A. To do this, we need to show that while ◊A is true, A might still be 

false. If ◊A is true, then, according to the Cenizan definition, A : p ∧ Cpp (there is some 

true sentence A about a self-compossible entity p). But what is this entity p? And what 

is the true sentence A that talks about it?  

Suppose the entity we are concerned with is a flying pig. Since flying pigs are 

indeed possible (because they are self-compossible), it follows that, given the Cenizan 

recipe, there is some true sentence about it. However, it cannot be “There are flying 

pigs” since that is a false sentence. So, it must be some other sentence that is true of 

this self-compossible entity. However, it cannot just be any sort of sentence. “2 + 2 = 

4” is true, but it is not about flying pigs. The sentence must be true, and it must be 

about flying pigs. So, the true sentence implied by the self-compossible entity we are 

concerned with must be something like, “Possibly, there are flying pigs.”  

Thus, while a self-compossible entity implies that a sentence about it is true, it 

cannot just be any sentence. It must be a true (modal) sentence about it. From these 

considerations, it follows that ◊A ⊃ A is not true. Thus, showing that the truth of the 

bridging principle does not imply modal collapse. 

This argument leads us to a final philosophical concern that may be raised with 

the Cenizan proposal. As discussed, the bridging principle states that if an entity is self-

compossible, then there is some true sentence about it. This principle “bridges” the 

Cenizan definitions in the metalanguage to the modal terms in the object language. But 

the principle relies on the idea of “aboutness.” How can we make this notion more 

precise? What is it for a sentence to be about some self-compossible entity anyway? 

“Aboutness” has been a subject of recent philosophical literature.15 However, to 

be clear, the idea of “aboutness” employed here is part of a broader ontological thesis 

that a self-compossible entity’s being-so grounds the truth of some sentence about it. 

This ontological thesis is akin to truthmaker theory’s “being necessitates truth” 

principle (Armstrong 2004), which may be more precisely cashed out as: “Necessarily, 

if some entity p is a truthmaker for some sentence A, then p’s existence necessitates 

the truth of A.” Thus understood, “aboutness” is not doing any theoretical heavy lifting 

in the proposed Cenizan account. It is only doing the same theoretical role it does for 

truthmaker theory. As such, if “aboutness” is not an issue for truthmaker theory, then 

it is not an issue for the proposed Cenizan account. 
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CONCLUSION 

 

In this paper, I offered a Cenizan account of modal terms without resorting to 

“weakly existent” possible worlds. I cashed out such an account as an ontological 

metalanguage, which defines the modal terms of “possibility,” “impossibility,” 

“contingency,” and “necessity,” in terms of the metaphysically neutral notions of  

“self-compossibility” and “ontological necessity,”  and demonstrated how this 

Cenizan account provides a satisfactory explanation of the target modal truths (i.e., the 

axioms of the normal modal systems).  

Of course, serious concerns may be raised about the proposed non-standard 

(non-possible-worlds) account. Some of them are technical (especially the issue about 

explanatory power), others are more philosophical (particularly the worry about modal 

collapse). I have attempted to address some of them here. But I do admit that there are 

still some open questions in the vicinity that need to be addressed. 

The proposed Cenizan account is just one of several non-standard accounts of 

modal terms in the literature. There is also the counterfactual account of Timothy 

Williamson (2021) or the essentialist account of E. J. Lowe (2013). It will be 

interesting to see how our proposed account compares to these other accounts. Perhaps 

I can explore this in a later work. For now, I have at least shown that the Cenizan 

account can yield the same modal truths as the standard account, and it does this 

without requiring possible worlds. 

 
NOTES 

 

1. This paper extends and further formalizes the discussion of Ceniza’s view 

about modalities by Joaquin (2022). 

2. For an instructive discussion of these modal truths, their corresponding modal 

systems, and their history, see Hughes and Cresswell (1996). For a discussion of the 

history of modal logic before Kripke, see Cresswell (2019). 

3. We will only consider normal modal systems in this paper. The qualifier 

“normal” here refers to those modal systems that are at least as strong as the baseline 

modal system K (named after Kripke). Non-normal systems (e.g., the modal systems: 

S1, S2, and S3 of C. I. Lewis (1932)) are properly weaker than K (Priest, 2008, 64). 

What “weaker” and “stronger” mean in this context is discussed further as we proceed. 

4. That the M axiom is derivable in T is proved by contrapositing a substitution 

instance of the T axiom (Hughes and Cresswell, 1996, 42). 

5. Interestingly, C. I. Lewis (1932) himself rejected S4 and S5 as acceptable 

systems of strict implication (Hughes and Cresswell, 1996, 206). 

6. That the falsity of A implies the truth of ¬A assumes the standard, “classical” 

interpretation of negation (i.e., of ¬). This means that the Cenizan metalanguage is 

likewise standardly “classical.” 

7. Reicher (2022) provides an instructive discussion of a defense of these non-

existent objects. 

8. □□A ⊃ □A is true in T since it is just a substitution instance of the T axiom 

(Hughes and Cresswell, 1996, 51). 
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9. My thanks to Sara L. Uckleman for this suggestion. 

10. Notice that given the reduction laws, the T-truth, □□A ⊃ □A, reduces to 

S4(R). 

11. Notice that B(R) is the same as the M axiom. Thus, a Cenizan proof for B(R) 

is also a proof for the M axiom. 

12. A soundness proof shows that every provable formula within a given modal 

system is true according to the system’s semantics, while a completeness proof shows 

that every true formula, as shown by the system’s semantics, can also be proven within 

the system.  

13. The idea sketched here follows a technique developed by Gensler (2017, 

§§15.3-15.4). 

14. That the Cenizan definitions are indeed truth-preserving is left for the reader 

as an exercise. 

15. See, e.g., Berto (2022) and Yablo (2014). 
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